We provide a construction in a general vector lattice similar to martingales, however not using both integrability and norms of elements. The idea is to replace the mean value with the infimum value in the conditional expectation of a positive element. On the one hand, the construction is quite general. But on the other hand, the corresponding operator playing role of a conditional expectation is both nonlinear and non-order continuous in the most natural examples of filtrations, that makes investigation to be non-trivial. Another difference from the standard martingales is that we consider arbitrary nets for indices of filtrations instead of just subsets of the real line. We also give an application of standard martingales over a general net of indices that cannot be obtained using countable martingales or martingales over the indices from a segment of the real line.
Idea of the construction and some information on standard martingales
The notion of a martingale is both of analytic and probabilistic nature. Lots of investigations and applications concern both areas of mathematics. Recall some definitions. Let (Ω, Σ, μ) be a probability space, and F ⊆ Σ a sub-σ-algebra. The conditional expectation y = M F x of an x ∈ L 1 (or, generally, x ∈ L 1 (X) where X is a Banach space) with respect to F is defined as the F -measurable function y ∈ L 1 (F ) (respectively, x ∈ L 1 (F , X)) such that A x dλ = A y dλ for each A ∈ F. The uniqueness of the conditional expectation is obvious; its existence in the scalar case is guaranteed by the classical Radon-Nikodým theorem; in the vector-valued case is proved in [2, p. 123] , and in the case when F is generated by a finite partition Ω = m k=1 A k A k ∈ Σ is easily verified (x = m k=1 x k for elements of a vector lattice of for sets means the disjoint sum or union). Indeed, for each x ∈ L 1 one has Taking α = β in the definition, we obtain that x α is F α -measurable for each α.
An increasing net of sub-σ-algebras is called a filtration. Filtrations are considered over "time" index sets, that are as usual one of the following sets N, [a, b] , R. In the above definition the integrability condition of the elements x α ∈ L 1 (μ) is essential, otherwise the conditional expectation is not well defined.
In 2005 Troitsky defined martingales for a more general setting of Banach lattices [6] where the conditional expectation operator was replaced with a contractive projection, which possesses the same properties that are necessary for the notion of martingales.
However, all these tools do not work if we want to consider martingales on general vector lattices. Even in such ones as L 0 (μ), the lattice of all equivalence classes of measurable functions on some measure space, or Köthe F-spaces L p (μ) for 0 < p < 1.
Our idea is to consider a lattice analogue of the the infimum value of a positive function instead of the mean value of an element (cf. (1.1)). 
Preliminaries
We recall here some known definitions and point out some notation. For further standard notation and terminology on vector lattices we refer the reader to [1] and [4] .
Let E be a vector lattice. For every x ∈ E the elements Let F be an ideal of a Banach lattice E. An element e ∈ F + is called a weak unit of F provided for every x ∈ F the condition x⊥e = 0 implies that x = 0. The ideal in E generated by an element x ∈ E, that is, the intersection of all ideals in E containing x, is denoted by I x . It is well known and not hard to see that I x = {y ∈ E : (∃n ∈ N)(|y| ≤ n|x|)}. Analogously, the band in E generated by x ∈ E is denoted by B x and equals {y ∈ E : |y| ∧ n|x| ↑ |y|}.
Recall that an element e of a vector lattice E is called a projection element if the band B e generated by e is a projection band. A vector lattice E is said to have the principal projection property if every element of E is a projection element. For instance, every Dedekind σ-complete vector lattice has the principal projection property.
It is well known that, given any e ∈ E + , the set F E e of all fragments of e is a Boolean algebra with respect to the lattice operations.
Let E be a vector lattice and 0 < x ∈ E. Any element u of E of the form
The following known theorem [1, Theorem 6.8] plays an essential role in our consideration.
Theorem 2.1 (Freudenthal's Spectral Theorem). Let E be a vector lattice with a principal projection property, and let 0 < e ∈ E. Then for every x ∈ I e there exists a sequence (u n ) of e-step functions such that
Underjections
Let F be a vector sublattice of a Dedekind complete vector lattice E. We define a (in general, nonlinear) operator U F : E → E which will play role of the conditional expectation operator. For any x ∈ E + we set
and then for any x ∈ E set
The element U F x we call the underjection of x to F .
The following statement establishes some properties of underjection maps. 
Proof. Items (1)-(2) are obvious.
(3)-(4). Assume first that x, y ≥ 0 and x⊥y. Then
In particular, taking into account (3.2), we obtain (4). The assumption means that |x| ∧ |y| = 0. Hence
by (2) ≤ (
Finally, passing to the supremum over v ∈ F within 0 ≤ v ≤ y, we get the desired inequality.
( (3) and (5), one gets
Finally, (9) is obvious.
We will see below that inequalities in items (5) and (6) 
+ we obtain
Formula (3.4) explains the terminology: in this valuable partial case the underjection takes the essential infimum values of x on each A k .
Remark that, by the well known fact [1, Theorem 2.4], the underjection operator U F : E → E is linear, if F is an ideal. If, moreover, F is a band then U F : E → F is a band projection [1, Theorem 3.9]. However, in general, it is nonlinear. 
Thus, for U F the inequalities in items (5) and (6) of Proposition 3.1 are strict. In particular, the map U F is nonlinear. It is even not orthogonally additive. 2 An underjection U F x need not belong to F , even if F is an ideal, as the following example shows.
It is immediate that a U-stable vector sublattice is itself Dedekind complete, and that the condition U F E + ⊆ F is sufficient for a vector sublattice F to be U-stable.
Obviously, any band is a U-stable vector sublattice. Another useful observation is that the sublattice S π of all e-step functions constructed by a partition π from Example 3.3 is U-stable.
The following statement establishes some extra properties of an underjection map with respect to a U-stable vector sublattice. Proposition 3.6. Let F be a U-stable vector sublattice of a Dedekind complete vector lattice E. Then the underjection map U F : E → F has the following properties:
1. it is a projection of E onto F , that is,
Proof. (1) is obvious.
(2) In view of item (7) of Proposition 3.1, we need to prove only one side of the inequality. Observe that, since F is U-stable, U F x ∈ F and U F y ∈ F . And since F is a sublattice, U F x ∧ U F y ∈ F . Thus, taking into account that
Now we show that, under natural assumptions, an underjection map with respect to a U-stable vector sublattice is not order continuous (even not laterally continuous 3 ). The next property of U-stable vector sublattices and underjections, the proof of which is obvious, is useful for up-martingales. So, when considering the underjection U F x of an element x ∈ G ⊇ F on F , we do not have to specify the domain vector lattice E 1 of the underjection map U F : E 1 → F ; it could be any U-stable vector sublattice E 1 of E containing G.
Example 3.7. Let E be a Dedekind complete vector lattice with a weak unit e > 0 having an infinite decomposition e =

Up-martingales
Consider a Dedekind complete vector lattice E, that will be fixed for the rest of the section. It is an easy exercise to show that, if
The filtration (S π ) π∈Π described in Example 4.2 will be called the filtration of e-step functions on E. Remark that taking ϕ ≤ ψ in (4.1), by U-stability of F ϕ , we obtain that
We provide a useful example of an up-martingale which is justified by item (1) of Proposition 3.6.
Example 4.4. Given any x ∈ E, the net (U Fϕ x) ϕ∈Φ is an up-martingale.
Definition 4.5. The up-martingale from Example 4.4 is said to be generated by an element x ∈ E. An up-martingale which is generated by some element of E is called a generated up-martingale.
The following statement establishes some properties of up-martingales. Proposition 4.6. Let (x ϕ ) ϕ∈Φ and (y ϕ ) ϕ∈Φ be up-martingales with respect to a filtration (F ϕ ) ϕ∈Φ . Then 
The first part of (4) is a partial case of (3) for y ϕ = 0. The second part of (4) follows from (2) for λ = −1 and (4) for y ϕ = 0. To prove the last statement of (4), choose χ ∈ Φ so that ϕ ≤ χ and ψ ≤ χ.
Remark that (|x ϕ |) ϕ∈Φ need not be an up-martingale, as we see later.
Definition 4.7. Let e > 0 be a weak unit of E. Up-martingales with respect to the filtration (S π ) π∈Π of e-step functions are called e-step up-martingales on E.
The following example shows that the point-wise sum of two e-step upmartingales need not be an up-martingale, even if we additionally assume that the summand up-martingales are point-wise disjoint. As a result, the pointwise modulus of an up-martingale need not be an up-martingale. Proof. Indeed, U Sπ 1 x π 2 + y π 2 = U Sπ 1 e = e, however x π 1 + y π 1 = 0. Thus, x π + y π π∈Π is not an up-martingale. Now we show that, in the above notation, the point-wise modulus of the upmartingale (z π ) π∈Π generated by z = x − y is not an up-martingale. Indeed, by The following simple observation is very useful.
Proof. By (1) of Proposition 3.1,
Now we shows that an order bounded e-step up-martingale need not be generated. Moreover, we get the existence of two distinct e-step up-martingales (x π ) π∈Π and (y π ) π∈Π with x π , y π ≥ 0 and
Recall that a subset F of a Boolean algebra B is called a filter if the following conditions hold 1. 1 ∈ F and 0 / ∈ F ; 2. for each x, y ∈ F we have that x ∧ y ∈ F ; 3. for each x ∈ F and y ∈ B if x ≤ y then y ∈ F . A maximal filter is called an ultrafilter. An ultrafilter F has the following nice property: for each n ∈ N and each partition 1 = x 1 . . . x n there is a unique k ∈ {1, . . . , n} such that x k ∈ F. Every filter is contained in an ultrafilter [3, Theorem 7 .10]. In particular, ultrafilters exist in every Boolean algebra.
Theorem 4.12. Let E be an atomless Dedekind complete vector lattice with a weak unit e > 0. Then for every x ∈ E + there is a non-generated e-step up-martingale (u π ) π∈Π such that u π ↑ x.
First we need a technical lemma, which is most likely well known, however we do not know an appropriate reference. Lemma 4.13. Let E be a vector lattice with a principal projection property and a weak unit 0 < e ∈ E. Then for every 0 < y ∈ E there are 0 < e e and a number a > 0 such that ae ≤ y.
Proof of Lemma 4.13 . Set x = y ∧ e. Since e is a weak unit of E, we have that x > 0, and since 0 < x ≤ e, we get x ∈ I e . By Theorem 2.1, there is a sequence (u n ) of e-step functions satisfying (2.1). Since E is Archimedean and x > 0, at least one of the u n 's, say
Proof of Theorem 4.12. Let F be an ultrafilter on the Boolean algebra C e of all fragments of e. Consider the following e-step up-martingale (u π ) π∈Π . Given any π = {e k } m k=1 ∈ Π, let k 0 be such that e k 0 ∈ F, and let {a k } m k=1 be those real numbers for which U Sπ x = m k=1 a k e k . Then we set u π = k =k 0 a k e k . We claim that (u π ) π∈Π is a non-generated up-martingale.
First we show that (u π ) π∈Π is an up-martingale. Let
. Let j 0 ∈ {1, . . . , n} be so that f j 0 ∈ F, and k 0 ∈ {1, . . . , m} be so that f j 0 e k 0 . Since f j 0 ≤ e k 0 , we have that e k 0 ∈ F. Denote by b k ,  k = 1, . . . , m and c j , . . . , c For k = k 0 , since f j 0 e k 0 , the inequality ae k 0 ≤ u π 2 for a ≥ 0 holds only if a = 0, so a k 0 = 0. Now by (4.2) we obtain U Sπ 1 u π 2 = u π 1 .
It remains to show that u π ↑ x, because if (u π ) π∈Π were generated, by Theorem 4.9 it would up-warded order tend to an element y which generates this up-martingale, so y = x and u π = U Sπ x for all π ∈ Π, which is not true.
We set u = sup π∈Π u π . Since u π ≤ x for all π, we get u ≤ x. It is enough to prove that u = x, because u π ↑. Assume on the contrary that y = x − u > 0. Choose by Lemma 4.13 0 < e e and a > 0 so that 0 < ae ≤ x − u. By atomlessness of E, we split e = e 1 e 2 with e 1 , e 2 > 0 and set e 3 = e − e and π 1 = {e 1 , e 2 , e 3 }. Let U Sπ 1 x = a 1 e 1 + a 2 e 2 + a 3 e 3 and u π 1 x = b 1 e 1 + b 2 e 2 + b 3 e 3 . By property (2) of filters, either e 1 / ∈ F, or e 2 / ∈ F. With no loss of generality we assume e 1 / ∈ F. Then a 1 = b 1 . On the other hand, the inequalities ae 1 ≤ x − u and a 1 e 1 ≤ u π 1 ≤ u imply (a 1 + a)e 1 ≤ x, which, in turn, yields that a 1 + a ≤ a 1 , a contradiction.
